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Science Question: How can these energetic 
particles get accelerated and transported in space? 

Operational Target: How can we accurately 
predict the SEP and GCR spectra considering their 
radation risks?

Simulations
+

Observations

Governing Equation: Parker Transport Eqaution (Parker 1965)

Finite Volume Method

   Particle number conserves 
   Second-order in space 
   Total variation diminishing (TVD)
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Poisson Bracket:

Explicit in Time for Advection + Implicit for Diffusion
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∂t f +
3∑

l=1

(
∂ f
∂ql

∂ H
∂ pl

− ∂ f
∂ pl

∂ H
∂ql

)
= 0. (3)

In application to the classical particle methods q1, q2, q3 may be three Cartesian coordinates of a particle location, x, while 
p1, p2, p3 being three components of its momentum, p, so that Eq. (3) claims that the value of f is constant along the 
particle Hamiltonian trajectory:

[
d f (t,x,p)

dt

]

dx
dt = ∂ H

∂p , dp
dt =− ∂ H

∂x

= 0. (4)

Eq. (4) justifies the particle methods to solve Eq. (3): if at the initial time instant the distribution function is sampled 
with macroparticles, Np, xp, pp , which are the number of real particles, average coordinates and average momentum per 
macroparticle enumerated with a subscript index, p, then on solving the Hamiltonian trajectory equation for each macropar-
ticle we sample the evolving distribution function. Even though in the present paper we do not employ particle methods 
at all, we benefit from the observation that Eq. (3) in effect reduces to a linear advection equation (4) transporting the VDF 
value along the Hamiltonian trajectory.

2.1. Poisson brackets and conservation of particles

In terms of the Poisson brackets, which we define as:

{ f ; H}ql,pl
= ∂ f

∂ql

∂ H
∂ pl

− ∂ f
∂ pl

∂ H
∂ql

, (5)

the Liouville equation (3) can be re-written as:

∂t f +
3∑

l=1

{ f ; H}ql,pl
= 0. (6)

Note, that we define the Poisson bracket as each term in Eq. (3), rather than the sum of the terms as defined by Landau 
and Lifshitz [25]. In the more general case, Eq. (6) determines the time evolution of VDF via a total of L Poisson brackets, 
for each of them ql , pl , l = 1, 2, . . . , L being an arbitrary pair of independent phase variables. With no loss in generality of 
the methods discussed below, the Hamiltonian function may be different in different Poisson brackets and they may or may 
not have a meaning of energy expressed in terms of coordinates and momenta.

A major advantage of the Poisson brackets is that they explicitly conserve the total number of particles. The particle 
number is defined as an integral of the distribution function over the entire phase space: 

∫
d! f (the phase-space volume 

element is d! = ∏
l (dqldpl)). The particle number is conserved, d

dt

∫
d! f = − 

∑
l

∫
d! { f ; H}ql,pl

≡ 0, since

∞∫

−∞

∞∫

−∞
dqldpl

(
∂ f
∂ql

∂ H
∂ pl

− ∂ f
∂ pl

∂ H
∂ql

)
=

∞∫

−∞

∞∫

−∞
dqldpl

[
∂

∂ql

(
f
∂ H
∂ pl

)
− ∂

∂ pl

(
f
∂ H
∂ql

)]
≡ 0. (7)

2.2. Phase-space control volume formulation: second order flux

Eqs. (5)-(7) can be combined to find the rate of change of particle number in a control volume. For simplicity we consider 
a rectangular one: V = "l(#ql#pl), centered at the point, (qc

1, . . . , q
c
L , pc

1, . . . , p
c
L):

∫

V

d!∂t f = −
∑

l

∫ ∏

m≠l

(dqm dpm)

qc
l +

#ql
2∫

qc
l −

#ql
2

dql

pc
l +

#pl
2∫

qc
l −

#ql
2

dpl

[
∂

∂ql

(
f
∂ H
∂ pl

)
− ∂

∂ pl

(
f
∂ H
∂ql

)]
. (8)

In terms of a two-component differential operator, ∇l =
(

∂
∂ql

, ∂
∂ pl

)
, the integrand in Eq. (8) reads:

∂

∂ql

(
f
∂ H
∂ pl

)
− ∂

∂ pl

(
f
∂ H
∂ql

)
= ∇l × ( f ∇l H) . (9)

Now, using Stokes’ theorem and the chain rule, we arrive at the finite volume formulation of Eq. (6):

d
dt

∫

V

d! f = −
∑

l

∫ ∏

m≠l

(dqmdpm)

∮
dH f . (10)

3

Distribution function = Const along the Hamiltonian trajectory:

Poisson Bracket Scheme
Lagrangian Coordinates

Splitting Method
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Input: GONG 
Magnetogram

Output: Background 
Solar Wind Parameters, 
Validated at 1 AU

Input: Diffusion Coefficient for Particle 
Scattering in IH (QLT-Based, Compared 
with the One Derived from PSP Obs.)

Poisson Bracket Scehme Implemented 
into M-FLAMPA in SWMF

Output: GCR Spectrum at 1 AU

Input: LIS & Modulation 
Potential (Usoskin et al., 2005)

Input: Flux Rope for CME 
Eruption (Gibson & Low, 1998) 

(Sokolov et al., 2023) 

Output: SEP Spectra & Integral 
Flux at Earth (1 AU), Compared with 
SOHO/ERNE & GOES, respectively

Steady-State Poisson Bracket Scheme Time-Accurate Poisson Bracket SchemeStream-Aligned AWSoM-R

We will take the pitch angle into account, formulate the Focused Transport Equation (Kóta & 

Jokipii 1997) with Poisson brackets, and implement it into M-FLAMPA in SWMF:

We will test this new solver, run for SEPs and GCRs, and study the Forbush decrease.

Investigate the compression ratio at shock surface and its evolution, and compare the 
energetic particles measurements by STEREO-A/B
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Figure 5.2.2: Advection of a piecewise constant solution for a > 0: the entire profile shifts to
the right, so that the flux at each interface is determined by the state to the left of that interface.

point in space, we need to look in the direction from which the “wind” (velocity) is coming
to determine the state at a future time.

Combined with forward Euler time stepping, Equation 5.2.5 becomes

�xj

un+1
j

� un

j

�t
+ F̂ n

j+1/2 � F̂ n

j�1/2 = 0. (5.2.10)

Substituting Equation 5.2.9 and solving for un+1
j

yields

un+1
j

= un

j
�

a�t

2�x
(un

j+1 � un

j�1)
| {z }

centered di↵erence

+
|a|�t

2�x
(un

j+1 � 2un

j
+ un

j�1)
| {z }

di↵usive stabilization

. (5.2.11)

As indicated, we can think of this update as a combination of a centered-di↵erence discretiza-
tion (i.e. FTCS – unstable) and a di↵usive stabilization. The upwinding is responsible for
the di↵usive term, which stabilizes the scheme.

Finally, for nonlinear problems, the equivalent form of Equation 5.2.9 is

F̂j+1/2 =
1

2
(fj + fj+1)�

1

2
|âj+1/2| (uj+1 � uj) . (5.2.12)

where the speed âj+1/2 is defined as

âj+1/2 =

(
fj+1�fj

uj+1�uj
when uj+1 6= uj,

f 0(uj) when uj+1 = uj.
(5.2.13)

Note that this choice of the upwind speed results in pure upwinding of the flux:

F̂
j+ 1

2
=

⇢
fj when âj+1/2 > 0,
fj+1 when âj+1/2  0.

(5.2.14)

The property that âj+1/2(uj+1 � uj) = fj+1 � fj is a condition that underlies the design of
the class of numerical fluxes proposed by Philip Roe, and a flux in this class is called a Roe
flux.

133 2022, K. Fidkowski
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tion function, f0(R, p, t) = 1
2

R 1
�1 dµ f(R, p, µ, t) is av-254

eraged over the pitch angle. The normalization integral255

in Equation (1) becomes:256

dN = 2⇡d3R

Z 1

0
p
2dp

Z 1

�1
dµ f0(R, p, t)

= 4⇡d3R

Z 1

0
p
2dp f0(R, p, t).

(2)257

258

The kinetic equation for the isotropic part of the dis-259

tribution function, f0(R, p, t), was introduced in Parker260

(1965):261

@f0
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+
1

3
(r · u) @f0

@ ln p| {z }
Adiabatic Term

+ Q|{z}
Additional Source/Sink

,

(3)262

263

where
$
 = Dxxbb is the tensor of parallel di↵usion along264

the magnetic field, and Q denotes the additional accel-265

eration source or sink terms. The Parker Equation in266

(3) captures the e↵ects that IMF and other background267

parameters of the solar wind on the SEP transport and268

acceleration processes. The term proportional to the di-269

vergence of u is the adiabatic cooling for r · u > 0,270

or the first-o4rder Fermi acceleration in compression or271

shock waves or r · u < 0.272

2.2.3. SOFIE with the Poisson Bracket Scheme273

In SOFIE, protons are accelerated at the shocks driven274

by CMEs through first-order Fermi acceleration mech-275

anism (Fermi 1949). The acceleration and transport276

processes are modeled by the M-FLAMPA module in277

SWMF (Sokolov et al. 2004; Borovikov et al. 2018) for278

solving the Parker Equation in (3). M-FLAMPA is279

based on the method first proposed by Sokolov et al.280

(2004) and reduces a 3D problem of particle propaga-281

tion in the IMF to a multitude of simpler 1D problems282

of the particle transport along a single line of the IMF.283

In M-FLAMPA, the time-evolving magnetic field lines284

are extracted from the AWSoM-R solutions, along which285

the particle distribution functions are solved.286

Note that our model of SEP transport and accelera-287

tion is based on the assumption that particles do not288

decouple from their field lines. In other words, we as-289

sume that particle motion in physical space consists of:290

(a) displacement of particle’s guiding center along some291

IMF lines; and (b) joint advection of both the guiding292

center and the IMF line together with plasma into which293

the field is frozen. Mathematically, the method employs294

Lagrangian coordinates, RL, which stay with advect-295

ing fluid elements rather than with fixed positions in296

space. Herewith, the partial time derivative at constant297

Lagrangian coordinates, RL, is denoted as D
Dt

, while298

the notation @

@t
denotes the partial time derivative at299

constant Eulerian coordinates, R, with the relations:300

D
Dt

= @

@t
+ u · r. Certain terms in the Parker Equa-301

tion in (3) considered in this work can be expressed in302

term of the Lagrangian derivatives and spatial deriva-303

tive along lines, combing the plasma motion equations.304

The Parker Equation in (3) can be eventually rewritten305

as (e.g., Borovikov et al. 2018; Sokolov et al. 2023):306
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308

where ⇢ is the density of the plasma.309

F̂j�1/2

F̂j+1/2

To solve Equations (3) and (4), in M-FLAMPA, we310

trace each field and calculate the distribution function at311

each coordinate. The operation splitting method (e.g.,312

McLachlan & Quispel 2002) is applied in the code for313

advection and di↵usion terms, so in each time step, we314

first solve the advection equation and then solve the dif-315

fusion part. Here, we implement the advection scheme316

with Poisson brackets and use theoretical di↵usion coef-317

ficient in shock upstream based on the quasi-linear the-318

ory (QLT, Li et al. 2003), and in the downstream, based319

on e↵ective level of the turbulence (Sokolov et al. 2004).320

Advection—Originally, there is a second-order accurate321

scheme for adveciton in M-FLAMPA using the upwind322

and downwind conditions (Sokolov et al. 2004; Versteeg323

2007). For our new implementation here, we first in-324

troduce the definition of the Poisson bracket in the 1D325

case with the Hamiltonian (H, Landau & Lifshitz 2013):326

{f0;H}ql,pl =
@f0

@ql

@H

@pl
� @H

@ql

@fl

@pl
, where pl and ql are the327

canonical coordinates: momentum and position, respec-328

tively. As the scheme is firstly developed and tested in329

Sokolov et al. (2023), Equation (4) can be rewritten as:330
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where fj,k is the distribution function at the k
th mesh333

along the j
th field line; ⌧ and p

3
/3 are the canonical334

coordinates in time marching; �s and �sL are the spa-335

tial size of the mesh along the field lines in Eulerian336

and Lagragian coordinates, respectively. As validated337

by Sokolov et al. (2023) for numerical tests, the scheme338
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170

To solve Equations (3) and (4), in M-FLAMPA, we trace each field and calculate the distribution function at each171

coordinate. The operation splitting method (e.g., McLachlan & Quispel 2002) is applied in the code for advection and172

di↵usion terms, so in each time step, we first solve the advection equation and then solve the di↵usion part. Here,173

we implement the advection scheme with Poisson brackets and use theoretical di↵usion coe�cient in shock upstream174

based on the quasi-linear theory (QLT, Li et al. 2003), and in the downstream, based on e↵ective level of the turbulence175

(Sokolov et al. 2004).176

Advection—Originally, there is a second-order accurate scheme for adveciton in M-FLAMPA using the upwind and177

downwind conditions (Sokolov et al. 2004; Versteeg 2007). For our new implementation here, we first introduce the178

definition of the Poisson bracket in the 1D case with the Hamiltonian (H, Landau & Lifshitz 2013): {f0;H}ql,pl =179

@f0

@ql

@H

@pl
� @H

@ql

@fl

@pl
, where pl and ql are the canonical coordinates: momentum and position, respectively. As the scheme180

is firstly developed and tested in Sokolov et al. (2023), Equation (4) can be rewritten as:181

B

�s
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fj,k

�s

B

p
3

3

�

⌧,p3/3

=
B

�s

@

@sL

✓
Dxx

B�s

@fj,k

@sL

◆
, (5)182

183

where fj,k is the distribution function at the kth mesh along the jth field line; ⌧ and p
3
/3 are the canonical coordinates184

in time marching; �s and �sL are the spatial size of the mesh along the field lines in Eulerian and Lagragian coordinates,185

respectively. As validated by Sokolov et al. (2023) for numerical tests, the scheme with Poisson brackets has been186

shown with promising and significant strengths:187

1. Second-order in space: It has been proved and shown that for numerical tests, the solution of the distribution188

function is second-order accurate in space, suggesting that the truncation error, i.e., the di↵erence of numerical189

solutions compared to the analytical true values, gets decreased with the exponential index of ⇠2 on the mesh190

size in space.191

2. TVD property: The scheme with Poisson brackets has been shown with the total-variation-diminishing property,192

meaning that we can better avoid unreasonable oscillations and instability in simulations using FVM scheme.193

Combined with its second-order of accuracy, it can be inferred that the scheme implemented is highly non-linear194

and non-trivial as well.195

3. Conservation: The particle number within the global phase space as shown in Equation (2) has been proved to196

be conserved during the numerical simulations, suggesting that no artificial production or dissipation has been197

made by the scheme.198

For a higher-order accurate advection scheme implemented in M-FLAMPA using FVM, here we use the so-called199

�-limiter (Hirsch 2007) to control the changes of numerical fluxes in the communication of the adjacent meshes to200

lessen high-frequency numerical oscillations.201
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